Exact diagonalization expansions of Bose or Fermi gases with contact interactions converge very slowly due to a non-analytic cusp in the wave function. Here we develop a transcorrelated approach where the cusp is treated exactly and folded into the many-body Hamiltonian with a similarity transformation that removes the leading order singularity. The resulting transcorrelated Hamiltonian is not hermitian but can be treated numerically with a standard projection approach. The smoothness of the wave function improves by at least one order and thus the convergence rate for the ground state energy improves. By numerical investigation of a one-dimensional gas of spin-1 2 fermions we find the error in the transcorrelated energy to scale as M −3 with a single-particle basis of M plane waves compared to M −1 for the expansion of the original Hamiltonian and M −2 using conventional lattice renormalization.
In recent years there has been increasing interest in the experimental realization of strongly correlated quantum gases with bosonic or fermionic ultra cold atoms [1] [2] [3] [4] [5] . Their theoretical description is difficult [6, 7] and efficient numerical methods are required to describe the system reliably and accurately. One straightforward approach is to diagonalize the Hamiltonian in a Fock basis, i.e. a finite basis of appropriately symmetrized products of single-particle wave functions [8] [9] [10] [11] [12] [13] [14] [15] . Besides the energy, this approach also provides convenient access to the full wave function from which all system properties can be computed. With the recently developed Full Configuration Interaction Quantum Monte Carlo method [16] it has become possible to solve much larger problems than with conventional, deterministic approaches [17] [18] [19] . Nevertheless, the exact diagonalization in Fock space is computationally expensive as the size of the many-particle Fock basis grows combinatorially with the number of particles and the size of the single-particle basis. Moreover, the convergence towards exact results with increasing the size of the single-particle basis is painfully slow for shortrange interacting ultra-cold atoms. Specifically, for a onedimensional model with δ function interactions, which models ultra-cold atoms in a tightly confining trap [20] , the energy converges to the exact result with an error that scales as M −1 with a basis set of M plane waves, or M −1/2 with a basis set of harmonic oscillator eigenfunctions [11] . The reason for this slow convergence is the fact that the short-range interaction induces a cusp into the many-body wave functions at particle coalescence, i.e. whenever two particles meet [20, 21] . Mathematically, the wave function belongs to the differentiability class C 0 , i.e. it is continuous but its first derivative is discontinuous. Approximating such a shape of the wave function by linear combinations of products of smooth single-particle functions is highly inefficient.
One possible way to improve energy estimates in a finite basis set is to renormalise the parameters of the Hamiltonian [22] [23] [24] . This approach is closely related to the concept of a running coupling constant in quantum field theory, where the coupling constant depends on a momentum cutoff [25] . In two and three-dimensional systems with contact interaction it is necessary to renormalize the interaction constant with the basis size (momentum cutoff) in order to avoid divergences. While this is not necessary in one dimension, adjusting the interaction strength can still improve convergence properties [23] . The simplest possibility is to adjust the interaction constant such as to yield the exact value of the ground state energy for two interacting particles from a calculation in the truncated basis. We are not aware whether the improved convergence rate of a many-body calculation has been determined before, but in Sec. III we report numerical results for three and six fermions that indicate that the convergence rate of the energy error improves by one order from M −1 to M −2 . Renormalizing the coupling strength based on an exactly solvable limit of the many-body problem was proposed in Ref. [23] and the possibility of adjusting the dispersion relation of the kinetic energy part of the Hamiltonian in order to improve the convergence rate was discussed in Refs. [24, 26] for two-and three-dimensional Fermi gases. In a similar spirit as the renormalization of the coupling constant, a more elaborate effective Hamiltonian approach has been used to speed up the convergence of few-particle calculations in harmonic trapping potentials [27, 28] . Other approaches to optimize the finite-basis representation of the wave function have suggested modifying the cutoff procedure for the exact diagonalization procedure [29] , or scaling the single-particle basis function [30] .
A different way to improve the convergence properties of a basis set expansion is to use basis functions that explicitly depend on the inter-particle distances instead of a Fock basis [31] [32] [33] [34] . However, the cost of the determination of the matrix elements exponentially increases with the number of particles restricting the applicability of the method to the few-particle regime.
The route that we follow in this work is to introduce a Jastrow factor e τ [35] in order to capture the short range behavior of the exact N -particle wave function Ψ
where the correlation factor τ depends on the pairwise separation distances of particles. The function u(x) is designed to describe important two-particle correlations of Ψ while the function Φ is much smoother. Jastrow factors as in Eq.
(1) are frequently used in Variational and Diffusion Quantum Monte Carlo approaches [36] [37] [38] [39] [40] where various strategies are followed to approximate the correlation factor τ and the function Φ.
In this paper we follow the transcorrelated approach [41] , where the Jastrow factor is folded into the Hamiltonian. Starting from the stationary Schrödinger equation
and using Eq.
(1) we obtain the transcorrelated Schrö-dinger equation
where the transcorrelated HamiltonianH = e −τĤ e τ is related to the original HamiltonianĤ by a similarity transformation and thus shares the same eigenvalue spectrum. The transcorrelated method has already been widely used for computations of atomic, molecular [41] [42] [43] [44] and solid-state properties [45, 46] , where typically the emphasis has been on finding an optimized correlation factor τ while Φ is taken as a simple reference function with the correct particle exchange symmetry, e.g. a Slater determinant. Here, we follow the idea of Ref. [47] where the function u(x) is designed to exactly reproduce the singular short-range behavior of the exact wave function Ψ while the transcorrelated function Φ is expanded in a Fock basis. The transcorrelated Schrödinger equation (4) is then solved as an exact diagonalization problem. Reference [47] demonstrated that an improved convergence rate and highly accurate energies for the homogeneous Coulomb gas could be achieved with this approach. In the following, we concentrate on a one-dimensional quantum gas of bosons or fermions with contact interactions. By constructing a correlation factor with an appropriate cusp, we show that the smoothness of the transcorrelated wave function is improved by at least one order, i.e. from C 0 to C 1 where the first derivative is continuous. For spinless bosons where the wave function is symmetric under pairwise particle exchange, the transcorrelated wave function even improves further to C 2 , i.e. the second derivative is continuous as well. The explicit and exact form of the transcorrelated Hamiltonian is derived in real-space, and in momentum space in second quantization. Three-particle interactions occur as a consequence of the similarity transformation. While a useful approximation is developed that only requires evaluation of effective two-particle terms, it is also shown that convergence to exact results for the energy can be achieved with a purely one-and two-body effective Hamiltonian if the correlation factor is appropriately adjusted with the basis set size. While the transcorrelated approach developed here is not restricted to ground states or the absence of trapping potentials, we specifically consider the cases of a homogeneous gas of spin-spinless bosons where exact solutions based on the Bethe ansatz are available [21, 48, 49] . This allows for easy benchmarking of our numerical results, which are presented for spin-1 2 fermions in a plane-wave basis. We find that the convergence rate of the energy error is improved by the transcorrelated method from
in a basis of M single-particle functions.
This paper is organized as follows: After introducing the original Hamiltonian with δ interactions and discussing the wave function cusp in Sec. II A, we construct an appropriate correlation factor in Sec. II B before deriving the explicit form of the trancorrelated Hamiltonian in real space in Sec. II C. In Sec. II D we show that the correlation factor improves the smoothness of the wave function by one or two orders before providing an analytical estimate for the convergence rate of the energy in Sec. II E. Discussing the momentum space form of the transcorrelated Hamiltonian in second quantization and a convenient approximation for the three-body term in Sec. II F concludes the theory part II. Numerical results for spin-1 2 fermions are presented in Sec. III. After introducing the methods used in Sec. III A, we present calculations of the energy error for two particles in Sec. III B, for three particles in Sec. III C, and for six particles in Sec. III D before concluding in Sec. IV.
II. THEORY
A. One-dimensional quantum gas with contact interaction: cusp of the wave function
We consider a gas of N quantum particles of mass m in one spatial dimension. Either a single or several spin flavors of bosons or fermions may be present. The particles interact with a contact (zero-range) interaction, which can be represented by a Dirac delta potential in the Hamiltonian
where x i is the spatial coordinate of the i-th particle and V (x) a smooth external potential. The external trapping potential V (x) does not change the singlular properties of the wave function, which are dominated by the contact interaction term. For this reason, we will omit the potential V (x) for many examples, which allows the comparison to exact solutions obtained by the Bethe ansatz, e.g. for spinless bosons [21] and spin-1 2 fermions [48, 49] . Our transcorrelated approach for improving the smoothness of the wave function, however, is not restricted to the homogeneous system and the asymptotic convergence rates that we report in this work are not affected by smooth external potentials.
The Hamiltonian (5) can be realized with ultra-cold atoms in a tightly-confining wave-guide-like trapping potential [20] . The potential strength g can be expressed through a one-dimensional scattering length a as
The contact interaction can be also expressed as boundary condition for the wave function at coalescence, i.e. when two particles meet [21] . Near the coalescence point the wave function takes the form (in analogy to Refs. [24, 50, 51] )
where x ij = x i − x j is the relative and X ij = (x i + x j )/2 is the center of mass coordinate relating to the pair with the i-th and j-th particles. The O(x ij ) term is regular at coalescence. For fermions the function A ij (X ij , x 1 , . . . ) is equal to zero if both particles i and j belong to the same spin-flavor due to the Pauli exclusion principle, which also means that they do not feel the contact interaction. The term a − |x ij | in Eq. (7) describes a cusp in the wave function with a discontinuity in the first derivative and a singularity in the second derivative. The wave function thus belongs to the differentiability class C 0 . The cusp in the wave function further has the consequence that the Fourier transform of the wave function to momentum space has k −2 tails for large k and, thus, the single-particle momentum distribution falls off as k −4 , as is well-known for quantum gases in one dimension with contact interactions [51] .
B. Correlation factor for 1D system with contact interaction
In this work we follow a similar procedure to Ref. [47] and design the correlation factor τ of Eq. (2) such that the boundary condition (7) is satisfied automatically. To this end it is sufficient to require the function u(x) to have the form
This restriction is enough to obtain the correct boundary condition, which can be seen by substituting Eq. (8) into the Jastrow factor
It is convenient to define the correlation factor in momentum space to have the correct large-k dependence and a simple cutoff for small k
where the parameter k c sets an inverse length scale. The advantages of choosing this specific form of the correlation factor will become fully clear in the following sections. An important feature is the free parameter k c , which controls the size of the correlation factor and becomes important for suppressing three-particle contributions in the transcorrelated Hamiltonian. The function u(x) can be obtained by the inverse Fourier transform
and is found to be smooth except at the origin. Considering the case when x is close to zero we obtain the expression
which satisfies the condition (8) . The Jastrow factor with u(x) from Eq. (11) is shown in Fig. 1 . Close to the coalescence point it resembles the absolute value function, as is expected from Eqs. (7) and (9) . It can be also read from these equations that the slopes of the two sides of the absolute value function linearly depend on the inverse of the scattering length. When the scattering length tends to infinity the slope goes to zero and the cusp disappears. This is the noninteracting limit.
The parameter k c adjusts the width of the Jastrow factor. As we choose larger momentum cutoff in the momentum space it makes the function narrower in real space.
1.02
1.04 The physically relevant information about the scattering length comes exclusively from the cusp of the Jastrow factor near the coalescence point. The long range behavior is an artifact from the definition (10) . Since the longrange part of the correlation factor is smooth, however, it is easier to correct it with the Fock-space expansion of the transcorrelated wave function Φ. Moreover, the long-range part can be easily damped by increasing the parameter k c . In Sec. III we will numerically examine the accuracy of the transcorrelated method and we will show that it improves the efficiency of the numerical approach.
C. Transcorrelated Hamiltonian in real space
The explicit form of the effective Hamiltonian in Eq. (4) can be determined from the expansioñ
The external and the particle-particle interaction potentials commute with the function τ as they can be expressed as a function of the particle positions. The only non-zero commutators comes from the kinetic term, where only the first three terms are different from zero. Thus the expansion (13) terminates to yield
The remaining commutators can be calculated analytically [41, 47] ,
As it can be seen from the term ∂τ ∂xi ∂ ∂xi in the summation on the right hand side, the resulting effective Hamiltonian is not hermitian. As a consequence, the left and right eigenvectors are different and connected by the linear transformation
where |Φ L is the adjoint of the left eigenvector and |Φ is the right eigenvector. Since the transcorrelated transformation of Eq. (4) is a similarity transformation, the effective HamiltonianH nevertheless has the same real-valued eigenvalue spectrum as the original (hermitan) HamiltonianĤ.
Properties such as correlation functions or expectation values of general operators can be expressed through the transcorrelated wave function as
Evaluating such expectation values involves highdimensional integrals, which is usually prohibitive in a Fock basis. If the correlation factor is small, however, one can make use of the cumulant expansion
to obtain approximate results. Here {·, ·} is the anticommutator and Φ| · · · |Φ c denotes the cumulant of operator products [52] .
D. Smoothness of the transcorrelated wave function
The transcorrelated transformation improves the smoothness of the wave function, which eventually leads to faster convergence of the basis expansion. Here we consider two interacting particles in a smooth and separable external potential, where we will prove that the transcorrelated eigenfunction is at least C 1 , i.e. it can be differentiated at least once with a continuous derivative. In the case of additional even exchange symmetry of the wave function, the smoothness further improves to C 2 , i.e. the second derivative of the wave function is also continuous. This is an improvement to the eigenfunctions of the original Hamiltonian which are only C 0 . We consider two particles, e.g. two bosons, or fermions in different spin states, and introduce the center-of-mass and relative coordinates
respectively. For convenience, we assume that the smooth external trapping potential V (x) is further separable, as it is the case for harmonic trapping potentials frequently employed for ultra-cold atoms:
It follows that the Hamiltonian of Eq. (5) can be written as the sum H = H COM + H rel , with terms that only depend on either the center-of-mass or relative coordinate, respectively. The Schrödinger equation (3) is thus solved with a wave function of the form
and eigenvalue E = E COM + E rel . The equation for the center-of-mass motion is free of singular operators and thus leads to a smooth wave function χ(X). The equation for the relative motion, however, contains the particleparticle contact interaction
The wave function of relative motion ψ(x) is not smooth but rather has a cusp as we discussed earlier in Sec. II A.
Since we are only interested in the smoothness properties at the particle coalescence point x = 0, we may take the simplified correlation factor
which has the same small-x expansion up to first order as the function of Eq. (11) . Applying the transcorrelated similarity transformation Eq. (4) with ψ(x) = exp[τ (x)]φ(x), the δ-function interaction term is eliminated. The transcorrelated Schrödinger equation for the relative coordinate then can be written in the form
where a constant term from the first derivative of τ has been absorbed as a shift in the energy E = E rel + 2 /2ma 2 , and
In order to examine the smoothness of the function φ(x), we follow the idea of Kato [53] by designing an
where ζ is a sufficiently smooth function that equals 1 for |x| ≤ 1 and 0 for |x| > 2. Then we have
We apply a convolution with respect to G on both sides of Eq. (23)
and we find the leading singular term for φ
Using partial integration we obtain an integral equation that depends on φ(x) instead of its derivative
By noticing that S(y − x)S(y) = 1 in the whole integration domain except (0, x) or (x, 0) (depending on whether x > 0 or x < 0), we obtain
Hence, φ(x) is continuous. Since the singularity only takes place at x = 0, we can simply take ζ(x) = 1 for small variables. Then we get the expressions for the first, second and third derivatives (φ ≡ dφ/dx)
It follows from Eq. (26) that the first derivative φ is continuous and thus the relative wave function is C 1 . Since the center-of-mass wave function χ(X) is smooth, it follows that also the full wave function Ψ(x 1 , x 2 ) of Eq. (20) is at least C 1 . Even stronger results follow when the wave function is known to be symmetric under particle exchange, i.e. Ψ(x 1 , x 2 ) = Ψ(x 2 , x 1 ). This is manifestly the case when the particles are spinless bosons but also for the ground state of distinguishable particles if the Hamiltonian is symmetric (e.g. as well for fermions with different spin quantum numbers in the absence of spin-dependent terms in the Hamiltonian). From the symmetry of Ψ it then follows that the relative wave function is even, φ(x) = φ(−x), and, as a consequence, its first derivative is an odd function. From Eq. (26) it can be seen that the first derivative is also continuous, which means that it must have a node at the origin, i.e. φ (0) = 0. Using this fact it can be seen from Eq. (27) that the second derivative is continuous as well, and the third derivative is the first one where a discontinuity may appear. In this case of even particle exchange symmetry, the transcorrelated wave function is thus C 2 , i.e. the smoothness have improved by two orders compared to the original wave function Ψ(x 1 , x 2 ).
These results derived for two particles can be expected to carry over to multi-particle wave functions since the only singular term in the Hamiltonian is two-particle interaction in the form or a Dirac-δ. For spinless bosons the multi-particle wave function is symmetric under the exchange of an arbitrary pair of particle coordinates. Hence we expect the transcorrelated multi-particle wave function to be C 2 and thus have improved smoothness by two orders compared to the original wave function. We have checked this property by explicitly constructing the two-and three-particle wave functions of the Lieb-Liniger model of interacting bosons in a one-dimensional box with periodic boundary conditions [21] , and found that the transcorrelated wave functions have continuous first and second derivatives while the third derivatives are discontinuous.
For fermions the wave function has to be antisymmetric under the exchange of fermions, which carries over to an anti-symmetry of the spatial wave function under exchange of two particle coordinates with the same spin (like-spin pairs are thus are not affected by the δ interaction). Pairs of particles with opposite spin are affected by the δ-interaction but for more than two (spin-1 2 ) fermions, the wave function is in general not symmetric under the exchange of the coordinates. Thus it is expected that the transcorrelated wave function is C 1 with a discontinuous second derivative. We have explicitly constructed the ground-state wave function for three fermions (one spin-↑ and two spin-↓) in the YangGaudin model of interacting fermions in a box with periodic boundary conditions and verified that the second derivative of the transcorrelated wave function has a discontinuous jump at the coalescence of different-spin particles. We will discuss further numerical evidence for the C 1 -nature of the transcorrelated three-particle wave function for fermions in Sec. III C.
E. Convergence rate for ground-state energy
In the numerical procedure we have to truncate the many-particle Hilbert space and work with a finite basis. Let us consider the case where we truncate the singleparticle Hilbert space with a momentum cutoff k max and otherwise perform an exact diagonalization. We want to estimate the size of the error δE = E − E a that is made by replacing the exact energy E by the eigenvalue E a obtained in the truncated basis with cutoff k max .
Let us writeH
for the eigenvalue equation in full Hilbert space and
for the approximate, truncated eigenvalue equation solved by the computer. Here, we have introduced the truncated HamiltonianH P P = PHP , where P is the projector onto the N -particle linear space spanned by the Fock states constructed from plane waves with momentum −k max ≤ k ≤ k max . Noting thatH is not necessarily hermitian and has a left eigenvector equation
we may obtain an expression for the energy error δE from projecting Eq.
whereH P Q = PHQ and Q = 1 − P is the projector onto the complement of the projected space, i.e. where at least one momentum is |k| > k max . We may choose Φ L a |Φ = 1 as a normalization condition for the approximate eigenstate and are thus left with evaluating the overlap on the right hand side of Eq. (32). Let us, for simplicity, consider the situation of Sec. II D of two-particles in the relative motion frame and assume that the exact wave function decays with a power-law
with an integer exponent α ≥ 1. Then we obtain
where we have replaced the summation of momenta by integrals and the projection operators determine the range of integration. We have applied a small momentum cutoff k 0 , which is related to the inverse system size. The expression (34) is general enough to apply both to the original exact diagonalisation problem of the Hamiltonian (5) and to the transcorrelated Schrödinger equation (4).
Standard method
The original Hamiltonian (5) for two particles in the relative motion frame can be written in momentum space with the matrix elements
where the off-diagonal term results from the short-range interaction and couples any momenta equally. The diagonal term of the kinetic energy does not contribute in Eq. (34) and we are left with
Since the p integral is finite, the scaling of the energy error becomes
where in the last equality we have used the result from Sec. II D that α = 2 as a consequence of the C 0 cusp of the exact wave function with δ function interactions.
Transcorrelated method
In the transcorrelated approach, the δ function interaction is removed and replaced by the less singular operator S(x) d/dx as discussed in Sec. II D. The matrix elements of the transcorrelated Hamiltonian in momentum space becomẽ
We want to use Eq. (34) in order to estimate the energy error. For the purpose of the integral the sin 2 factor may be replaced by 1 2 . This yields
where the q-integral can be separately performed as
For integer-valued n ≥ 1 it is easy to show that F (n) has the series representation
In order to evaluate the p-integral in Eq. (40) it is relevant to estimate the p-dependence of the left eigenfunction Φ L a (p). Since the left eigenfunction of the transcorrelated Hamiltonian does not benefit from the removal of the cusp by the Jastrow factor it will have the same asymptotics of the original relative wave function, i.e. Φ L a (p) ∼ p −2 . Now the integral (40) can be done term by term for the power series. The asymptotic scaling turns out to be dominated by the first term, which gives
This is the same result as the expression (37) for the original short-range interaction, i.e. the scaling of the energy error is completely determined by the large-k asymptotics of the wave function. Specifically, for the smooth transcorrelated wave function of class C 2 for the case of completely symmetric wave functions (bosons or fermions with different spin quantum numbers only), we have α = 4 and thus the expected scaling of the energy error with the momentum cutoff is
F. Transcorrelated Hamiltonian in second quantization and three-body term
In the following we examine the homogeneous system in a plane wave basis. In order to examine the matrix elements of the transcorrelated Hamiltonian, let us rewrite Eq. (14) in second quantized form [47] ,
where a † k,σ create a one-particle plane wave state with momentum k and spin σ, L is the length of the unit cell and Θ σσ = δ σσ for bosons and Θ σσ = 1 − δ σσ for fermions. The tensors T and Q can be expressed explicitly with the correlation factor,
The summation in Eq. (46) contains infinitely many terms. It can be evaluated exactly. The results and derivations are detailed in Appendix A.
Treating the three-body term in the explicit calculation is cumbersome. In order to improve the numerical efficiency we approximated this term with an effective two-body term. For the approximation we considered only the diagonal part of the three-body term, where momentum exchanges are equal to each other (k = k ). We can recognize the number operator ( sσ a † sσ a sσ ). Its effect can be evaluated in advance,
where N σ = N σ = N −2 for bosons and N σ = N −N σ for fermions. This approximation is very closely related to the Random Phase Approximation (RPA) [54, 55] . The approximated Hamiltonian with only one-and two-body terms can given in the form:
where the "ATB" index in the Hamiltonian stands for "approximate three-body". In the two-particle case and in the limit when the system is noninteracting, this approximation becomes irrelevant, because the three-body term does not have any effects.
III. NUMERICAL EXAMINATIONS A. Methods and implementation
In this section we study numerically the homogeneous spin-1 2 Fermi gas in one dimension with Hamiltonian of Eq. (5) with V (x) = 0 in a box of length L with periodic boundary conditions (ring configuration) for two to six particles. Exact solutions for this system are available using the Bethe ansatz [48, 49] , which we use to calculate exact reference energies. We then diagonalize the original Hamiltonian (5) and the transcorrelated Hamiltonian (47) with approximated three-body terms. To this end we use a single-particle basis with M plane waves truncated according to
and construct the full multi-particle Fock basis with dimension
, where N ↑ and N ↓ are the spin-up and spin-down particle numbers. We then express the Hamiltonian as a matrix in this finite Fock basis and numerically obtain the ground state energy and eigenvector (often referred to as "exact diagonalization").
We also compare our results with the lattice renormalization approach [22, 23] . The truncated plane wave basis expansion discretizes real space by creating an underlying reciprocal lattice. The lattice renormalization approach then adjusts the potential strength g of the discretized δ interaction in order to recover the correct scattering amplitude for two particles [22] , or, equivalently, yield the correct two-particle ground state energy to leading order [23] . In order to apply this approach, one simply replaces the interaction constant g in the Hamiltonian (5) by the renormalized coupling constant
where
While the exact diagonalization of the Hamiltonian (5) in the Fock bases with or without renormalized interaction strength can be calculated with any diagonalization algorithm, the transcorrelated method has an additional complication due to the non-hermiticity of the transcorrelated Hamiltonian. We apply power iterations to obtain the ground state energy and eigenvector [56] , which can be done for non-hermitian eigenvalue problems. The power method can be scaled to very large Hilbert spaces with the stochastic implementation provided by the Full Configuration Interaction Quantum Monte Carlo [16, 57] . Very recently this approach was combined with the transcorrelated method for the homogeneous electron gas [47] .
B. Two particles
The convergence of the energy with respect to the size of the single-particle basis is shown in Figs. 2 and 3 for two particles (one spin-up and one spin-down fermion or, 2 /mL): The error of the approximate ground-state energy vs. the number of one-particle basis functions M , (a) on linear-log scale and (b) in a log-log plot. "diag": exact diagonalization of the Hamiltonian (5); "renorm": with renormalized interaction constant of Eq. (49); "tcorr": transcorrelated Hamiltonian of Eq. (45); "slope": approximate exponent of fitted power law δE ∼ M slope ; "kc" truncation parameter for fixed correlation factor of Eq. (10); "β" parameter for scaled correlation factor of Eq. (51).
equivalently, two spinless bosons) with attractive and repulsive interactions, respectively. The two-particle system has the advantage that the three-body interaction term in the transcorrelated Hamiltonian of Eq. (45) does not contribute and thus the effects of the transcorrelated transformation on the two-particle interactions can be studied in isolation without the need for further approximations. The energy error δE ≡ E − E Bethe is calculated as the difference of the numerically obtained approximate value and the exact ground state energy value obtained from the Bethe ansatz [48, 49] The error of the ground-state energy vs. the number of one-particle basis functions M , (a) on linear-log scale and (b) in a log-log plot. Legend labels as in Fig. 2. particle basis functions, which agrees with the theoretical prediction of Eq. (38) in Sec. II E.
The transcorrelated approach ("trcorr") is seen to generally improve upon the exact diagonalization results. From Sec. II E we also may expect a faster convergence rate of δE ∼ M −3 (since the two-particle ground state wave function is symmetric under particle exchange). From the numerical results presented in Figs. 2 and 3 we see that this is the case asymptotically for basis sets that are large enough to resolve the modified singular feature of the transcorrelated wave function.
The data labeled with k c values are obtained with fixed correlation factors and variable number of singleparticle basis functions M . The smallest value, k c = 2π/L, shows significantly improved energy errors following the power law δE ∼ M −3 for all considered basis set sizes M ≥ 5. Increasing the correlation factor cutoff k c leads to an overall smaller correlation factor due to fewer Fourier components contributing, and an associated smaller length scale for its real-space version u(x) of Eq. (11) . Unsurprisingly, the smaller correlation factors are less effective in reducing the energy error for the small (fixed-size) basis sets. However, when the number of single-particle functions M is increased, all curves collapse onto the same asymptotic power law with δE ∼ M −3 . From our numerical data we find that the correlation factor is fully effective when k max = k max 3k c for the attractive case of Fig. 2 and k max 2k c for repulsive interactions as seen in Fig. 3 , where k max = (M/2 − 1)2π/L determines the number of single-particle functions M .
This observation suggests that it makes sense to adjust the correlation factor parameter k c with the size of the basis set M (or, equivalently, k max ) in order to find the smallest correlation factor necessary, for given basis set size M , to fully reap the benefits of the accelerated convergence of the transcorrelated approach. We thus introduce a way of scaling the correlation factor cutoff k c with the basis set size according to
A similar way of scaling the correlation factor with the size of the single-particle basis set was previously suggested in Ref. [47] (with fixed β = 1) in order to control the size of the three-body term in the transcorrelated Hamiltonian. We will discuss this issue in Secs. III C and III D. In Figs. 2b and 3b we show, respectively, the energy error obtained with this approach for different values of β. Our data suggests that each value of β leads to a different power law, until the value of β is small enough to reach the theoretical limit with δE ∼ M −3 . Reducing the value of β further, does not change the power law. We also see that different values of β are needed to reach the theoretical limit depending on the nature of the interaction.
Energies obtained with renormalized interaction strength according to Eq. (49) are also shown in Figs. 2 and 3 for comparison. The renormalization method works well for estimating the ground state energy for two particles, which is not surprising because the renormalized coupling constant is determined by comparison with an exact solution to a two-particle problem. We here find that the energy error scales again as δE ∼ M −3 . Even though the scaling is the same as the transcorrelated method, we find that the prefactors are different (leading to different off-sets of the curves in Figs. 2 and  3) . It is interesting to note that the transcorrelated approach works better than the renormalized one for attractive interactions but worse for repulsive interactions. This is probably due to the Jastrow factor resembling the bound-state wave function that dominates the ground state for attractive interactions (see Fig. 1 ). Since the prefactor of the transcorrelated energy error certainly depends on the details of the cutoff procedure used in Eq. (10), it could probably be further reduced by optimizing this procedure.
In order to obtain information about the approximate 2 /mL, with M = 139 on a log-log scale. Legend labels as in Fig. 2 . Asymptotic power laws from approximate fits to the largek tails as indicated. The data from exact diagonalization with the bare interaction ("diag") and renormalized interaction ("renorm") are indistinguishable on the scale of the plot.
wave function, we calculate the single-particle momentum density
where the expectation value is taken with respect to the finite basis set approximation of either the original ground state |Ψ or the transcorrelated eigenstate |Φ , respectively. The results for two particles, shown in Fig. 4 , are independent of the spin σ and the sign of k. The momentum distribution of the original ground state |Ψ shows a clear power-law decay ∼ k −4 for almost the entire momentum interval shown in the figure. As discussed in Sec. II A, this behavior is expected, since the momentum density contains the square of the wave function, which possesses k −2 tails as a consequence of the cusp in real space [51] . The renormalization method leads to the same power-law for the momentum density, since the analytic properties of the wave function are not changed. The momentum distributions of the transcorrelated ground state |Φ are seen to decay much faster for large k and asymptotically converge to a power law of k −8 . This observation is consistent with the analytic results about the smoothness of the transcorrelated wave function of Sec. II D. Improving the smoothness (differentiability class) of the real-space wave function by one order also decreases the power-law of the large-k tail in momentum space by one order. Thus the C 2 character of the transcorrelated two-particle wave function implies ∼ k −4 scaling of the wave function and thus ∼ k −8 scaling of the momentum density. Smaller correlation factors (corresponding to larger k c ) reach the asymptotic scaling at larger wave numbers, which is expected because the wave length of the basis functions needs to be small enough to resolve the features of the smaller correlation factor in order to take advantage of the improved smoothness of the wave function.
A remarkable feature of Fig. 4 is that the momentum density of the transcorrelated wave function for k c = 20π/L and k c = 40π/L coincides with the momentum density of the original wave function accurately for the smaller values of k up to critical value that depends on k c . This means that the exact momentum density can be extracted from Eq. (15) for the small wave numbers already from the first term of the expansion (16), i.e.
Increasing k c will further increase the range of wave numbers (equivalently decrease the length scale) over which the momentum density is accurately approximated.
C. Three fermions
In order to study the role of the three-body term and the effects of approximations we need to consider more than two particles. It is also interesting to study the efficacy of renormalizing the interaction strength in a multiparticle system, as Eq. (49) was derived considering only two interacting particles.
We consider three spin- (49) is shown in panels (a) and (c), and clearly demonstrates power-law scaling ∼ M −2 . The convergence rate has decreased by one order compared to the two-particle case. This can be understood by the fact that the renormalized interaction strength was determined by solving a two-particle problem.
Results from the transcorrelated approach with fixed cutoff parameter k c are shown in Fig. 5(b) . Since we are not including the full three-body terms in our diagonalization procedure, the results converge to a finite value, which quantifies the contribution of the neglected three body terms. It can be seen that the approximate inclusion of the three-body term as per Eq. (47) (labelled "ATB") leads to smaller errors than the complete neglect of three-body contributions ["no 3-body"; Eqs. (45) and (46) The labels "diag", "renorm" and "tcorr" stand for the exact diagonalization, renormalization, and transcorrelated approaches, respectively. The label "no 3-body" means that the three-body term was omitted from the transcorrelated Hamiltonian Eq. more accurate approximation for the energy. This can be understood as follows: Increasing k c reduces the length scale associated to the correlation factor and with it the range of the newly generated terms in the effective Hamiltonian, including the three-body term. In a dilute gas, the significance of the three-body terms thus diminishes.
We may expect that scaling the parameter k c of the correlation factor with the size of the basis set as per Eq. (51) is a way to asymptotically eliminate the error introduced by neglecting or approximating the three-body term and converge to exact results. Figs. 5(c) and (d) show that this is indeed the case (and a similar observation was previously made in Ref. [47] ). Data for different values of the scaling factor β in Eq. (51) all show algebraic convergence to the exact ground state energy. The numerically extracted power-law exponents vary, with generally a smaller value of β resulting in faster convergence in the asymptotic (large M ) regime. As in the case for two particles in Fig. 2 , the fastest convergence is reached with β ≤ 1 3 yielding the approximate power law δE ∼ M −3 . As seen in panel (d), decreasing the factor β below this value does not yield a further improvement of the asymptotic power law but on the other hand leads to larger errors for smaller basis sets (due to the smaller correlation factor being less effective in capturing pair correlations). It is also seen from the data in panels (c) and (d) that the approximate treatment of the three-body term ("ATB") of Eq. (47) does not change the asymptotic power law, or even the value of the energy error in the asymptotic regime, but it does improve the energy error for smaller basis sets. We conclude that the value of β = 2 /mL and M = 139 on a log-log scale. Labels as in Figs. 2 and 5. Asymptotic power laws from approximate fits to the largek tails as indicated. The data from exact diagonalization with the bare interaction ("diag") and renormalized interaction ("renorm") are indistinguishable on the scale of the plot.
body terms gives the best performance.
The single-particle momentum density ρ ↓ (k) is shown in Fig. 6 and shows similar features as seen in the twoparticle case of Fig. 4 . The original ground state wave function for three fermions leads to a ∼ k −4 algebraic decay of the momentum density as in the case of two particles, or more generally, for the Bose gas [51] . The transcorrelated ground state |Φ , however, asymptotically decays as ∼ k −6 , which is slower by two orders than in the two particle case. This observation suggests that the wave function has the differentiability class C 1 , i.e. is less smooth by one order than the two-particle wave function. This result provides further evidence for the conclusion of Sec. II D that the transcorrelated fermionic multi-particle wave function is C 1 .
The remarkable result from the numerical investigation of the three-fermion system is that the ground-state energy convergence ∼ M −3 is faster than expected from the analytical estimates of Sec. II E 2. The analytical arguments as well as the numerical analysis of the momentum density of the transcorrelated wave function indicate that the large momentum asymptotics scale as Φ(k) ∼ k −3 , which, by Eq. (43), should lead to an energy error scaling as δE ∼ M −2 . The faster-than-expected convergence of the transcorrelated energy is well supported by the data shown in Fig. 5 and comes as a pleasant surprise.
D. Six fermions
We also examined the spin-balanced six-particle system in order to study the convergence properties for the larger particle number. Figs. 7 and 8 show the convergence of the energy error for attractive and repulsive interactions, respectively. The picture for the convergence rates of the different approximations is largely consistent with the results for three fermions. Exact diagonalization of the original Hamiltonian yields an M −1 convergence, as expected, and also the convergence rate of M −2 for the renormalization approach has not changed compared to three particles. This confirms that the faster convergence of the renormalization method in the two-particle system is a special case.
The transcorrelated approach with scaled correlation factor cutoff k c is also here seen to converge algebraically towards the exact ground state energy, even though the three-body terms have been either approximated or fully omitted. The results indicate that a scaling factor of β = 1 2 is sufficient to reach optimal convergence of the energy error. This indicates that the required β-factor for optimal convergence has no strong dependence on the particle number. The six-particle results also confirm the faster-than-expected M −3 scaling of the transcorrelated approach that we already saw for the three-particle and two-particle cases.
IV. CONCLUSION AND OUTLOOK
We have constructed an effective Hamiltonian based on a transcorrelated transformation that replaces the singular contact interaction by less singular, but nonhermitian terms. We have shown that explicit treatment of the three-body terms can be avoided, while nevertheless achieving fast convergence to the exact results by scaling the correlation factor with the size of the singleparticle basis. Including the full three-body terms would allow one to achieve unbiased results for a Fock-space diagonalization even for fixed-size correlation factors. This could potentially be useful for reducing the amount of correlation in the effective Hamiltonian, which may be beneficial for the convergence of stochastic or approximate approaches. Our numerical results indicate that the transcorrelated method improves the convergence of the energy from M −1 of the exact diagonalization of the original Hamiltonian to M −3 , where M is the number of single-particle basis functions. For two particles we could show that the faster convergence rate originates in the improved smoothness of the transcorrelated wave function from C 0 of the original cusp-like wave function to C 2 . For more than two spin-1 2 fermions, where the smoothness of the wave function improves only to C 1 , the convergence rate is not yet fully understood.
We have also examined an alternative approach based on a simple renormalization of the interaction constant. While not affecting the smoothness of the wave function, this approach improve the convergence rate of ground state energies by one order to M −2 . Based on such promising results for the onedimensional system, it will be interesting to examine the efficiency of the transcorrelated approach in higher dimensions. The improvement in this case is expected to be even more significant as the wave function diverges at the coalescence point [24, 50] .
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The infinite summation is easier to evaluate if we make the substitutions k = 2πn/L, k = 2πn /L and k c = 2πn c /L into the sum as
a 2 π 2 |n |,|n−n |≥nc
where the summation index is integer. Let us first consider the case n = 0, where the sum is symmetric to the swap of the sign of n . Therefore, we can write Eq. (A1) in the following way:
Using the identity of Now let us consider the case n > 0. If n < 2n c we got the following expression:
which is supplemented by an additional term, if n ≥ n c , as Let us consider first Eq. (A3), and swap the sign of n in the first sum and merge all the terms, where n is larger than n + n c , The digamma function (ψ(x)), can be used to simplify the sum above by using the following identities: x − 1 (l + 1)(l + x) .
Using Eqs. (A6) and (A7), equation (A5) can be written in the following form:
a 2 π 2 n (ψ(n c ) − ψ(n + n c )) .
By using the following property of the digamma function:
ψ(x + 1) = ψ(x) + 1 x , equation (A8) can be written in the following numerically treatable form:
a 2 π 2 n n+nc−1 n =nc 1 n .
In the case of n ≥ 2n c and n < 0, with a similar derivation, we got the following expressions: for large n can be also given,
where we uses the following asymptotic expression of the digamma function, ψ(x) = ln(x) + O 1 x .
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